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Absatract

The t-test is the most widely used lest for the single equation hypothests. When the hvpothests 15 nonlincar and given by

IAY - P . .
Hy: h(B) = 0, thetest stalistic is caleulated as £ = B B 3 / {estimated standard deviation). However, since the standard deviation
1§ (,cﬂuﬂatad rom the asymptotic distibution, the t-iest dou, nol behave well for some nonlinear hypotheses. Gregory and Veail [1985]

compared the hypotheses: 2,2 B, = 1 and H © By

Although the two hypotheses are mathematically xdmtaua!,

the t-test based on the second hypoi_hcsix was xhov»n to perform p(mrl} Lafontaine and White [1986] considered H - ;3 LT

Sinee the standard deviation 1s estimated by

AR

, the test statishic can be made any arbitrary value by appropnale

selection of k. Phillips and Park (1988) uasd the b(l/ﬁ‘} expansion. of the Wald test statistic, which squares the -test statistic, and

proposed a modification of the test.  They showed that the O(1/

'} terms can be ignored for the Wald test. One of the problems

of the Wald is that it cannot be used for one-tailed tests, which are often important in single cquation hypothesig testing,

In this paper, the asymptotic expansion of the t-test 1s considered. Uniike the Wald test cases, O(1/yn) terms cannot be
ignored and correction of G(1/\ k) is necessary for the t-test. A simple formula of the G{1/y#) correclion of the t-test is propused.
The correction formula is obtained without using the nverse of the charactenstic function. The calendation and wmversion of the
characteristic function are quite complicated. The method described in this paper s surprisingly casy,

i. Entroduction

The t-test 15 the most widely used test for the single
equation hypothesis. When the hypothesis is nonlinear and
given by A0 A{B} = 0. the tost statistic 15 caleulated as

= h{ ;3, )/ {estimated standard deviation),

However, since the standard deviabion is calculated from the
asymptotic distribution, the t-test does not behave well for
some nonlinear hypothses.

Gregory and Veall [1985] compared the hypotheses:
Hy: BB, =1 dﬂdH c B, = B, .
Although the two hypotheses are mathernatically identical, the
t-test based on the second hypothesis was shown to perform
noerly. Lafontaine and White [1986] considered
i, ﬁ 1 T
ik 43* Ly |3 Y372 the test statistic can be made
dnva.rbﬂrary vaiuf, by d{}pmprmic selection of k.

Since the standard deviation is estimated by

Phillips and Park [ 1988] used the O(1/m) expansion

of the Wald test statistic, which squares the lest statistic,
and proposed a modification of the test. They showed thal the
O {1} terms can be ignored for the Wald test. One of the
problems of the Wald is that it cannot be used for one-tailed
tests, which are often unportant in single equation hypothesis
lesting,

In this paper, the asympiotic expansion of the t-test
is considered. Unlike the Wald test _O{1/yn) terms cannot
hegnored and correction of G{1/y ) 1s necessary for that-
test.  The performance of the t-test and its O(1/yn)
correction are analyzed using a stmple example.

2. Monlinear Hypothesis Tests

This paper considers a single equation  nonlinear
hypothesis given by

(1) Hy: A(B) = 0,
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where § s a k dimensional vector,
-, N . . W N .
Park (1988), the distribution ol 8 15 given by

(2) (B - B, ~ N(O, D,

Following Phallips and

where 7 is the number of observations and B is the true
parameter values of B . Since @ can be normalized by

multiplying I 12

il the covariance matrix of % s a

nomdentity matrix X, we can assume the covariance matrix

15 the identity matrix without loss of generality.

(3

The test statistic 1s caleulated ag

) 1= nh(Ba(h)

8k’ oh

where a{fy = — —.

op op

It is weall known that

(4) = N@©, 1).

Single equation nontinear hypothesis testing is usually based
on (4}

Lau

Correction of the Test Statistic

Since
A ok A
Syapy = —1 (g - By
p 56 B, p o
1 . A , 9th A
+ {8 - B
2 BT apas’ B,

the {-statistic defined in (4) can be wnitten as

(6) = nia(By 11 - !
a(B,)
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- —uy'e + -
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"
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ke

u follows the standard normal distribution.
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(7}

Let

Pr o=



i"isthe Op( 1/4yn ") approximation of 2. The distribution

of 7 7can be obtaimed without using the inverse of the
characteristic function. (The calculation and inversion of the
characteristic function are quite complicated. The method
described in this paper is surprisingly easy. For details and
examples of the asymptotic expansion, see Hayakawa [1977],
Takeuchi and Moerimune [1983], Bhattachaya and Denker
[19901, Hosoya [1990], Taniguchi {1987, 1991}, Yoshida
[1992, 1993}, and Ghosh [1994] )

Now, let
8y ™= E(z" |u).

e ~ N(O, T3, it is easy 1t show that

Y= O(1/n).

Since

E(r" -

Therefore,

(9) Efexp(iit™)]

il

Elexp{i A (0™ - 177y = ih:77}]

k|

Flexp{iht expf{id (™ ~ t™)]

Elexp(fht™ {1 + id (" - £7)}]

o(14fn)

Elexp(iat™]

-+

it

-+

E[{idh(t” - 1) }exp{ide™]

+ o{Ihn).

Since

ELir(™ - ™ exp{idt™]

= E E[id(" - )yexp(iAt"}u]
=0,

the asymptotic distribution fnction of 7 1s approximated by

" upto the order of 1/y/m.

Let H be the (k x k) matrix such that

(A0 H = (y. by B,

- i ahi

rl - Bttt F)
Ja(B,)y 98 By

hlh =0 fori+j, and

Il =1 for any 1.

Define the k-dimensional vector as

(1) v = H'e, and
A S N §
Since H'H = 1,

(2" = u- iuyfﬁH’e

Frl
LR AR
#
=y - izw’j‘j‘v + iv/f-i”'f%};z'v.
1 7

. 2
Here, v, = #, {v} are independent, and Ev;
anyi. Therefore,

(13) 1% = E(t"|u)

H

1
u - —F;HY/HE(V | 22}
Vi

i

J—rr{H’AHE(w’m)}
7

i - b u? + —=1r{B}
# #

=S

fn

iy

g(B,, u),
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”ahl azhi 3k

b(Br=a(B,)”
TR 0B B,opap’ B, 0B B,

B = H A HC,
[ %20, 0, ,01
0,1,0, .0
C= 0:O> E: >G s aﬂd
0 0.,0.0,---,1

By 1) = = b(Bu® + 1r(B).

Since P[# 77 isnot a monotoncally increasing  function of ]
= o{n ¥ forany d > 0,

(19) Plu<z]=P[t ™ <z+ = g(B,, 2]

i
+ o1 yn).

Let z, be the cnitical value of the standard normal
distribution o the significance level «.  Then the
corresponding critical value is given by

(15) 2] =z, + — g(B,. z.)

i/

The test can be deome by (15 Sice

% - B, = O‘p{l/\/};l we can stll gel the 1/\/;2

. o . AL -
correction il we substitule g m(15)

Mote that since g(ﬁ 2,'} is & function of z*

By, 2,) = &(B,, -2,). Thorcfore,

(16) P~z <i<z ]-P[-z <t <z}

= o{ ).

This means that when we use the two-tailed test,
which 1s eguivalent o the Waid test using the chi-square
distribution with one degree of freedom, the size of the test is
correct up to the order of 1/y5 as suggested by Phillips and
Park [1988]. However, cven m such a case, the critical values
are underestimated at one tail and overestimated at the other
tail.

4, Performance of the Tests

In this section, 1hc t-test and the correction formula
are analvzed. £ \/ﬁ - By, B, = lisassumedto
be the standard normal dl%:tribl.ition. The null hypothesis
considered is

(17 H: B> =
The alternative hypotheses are:
0 Hppl<l,
(in’. H;: §* > 1, and
(i) H,: B*

#
[

Cases where 71 = 4, 9, 16 are considered. The number of
trials is 100 mallion for each case.

When the alternative hypotheses are given by (i) -

(11} and the significant levels are 5% and 1%, the sizes of the
test without and with correction are given in Tables 1 -3,

Table 1 Sizes of the T-TestH,: B S

Sigmficant Level 1% 5%
= 4
Without Correction 833% 12.53%
With Correction 1.29% 2.79%
=9
Without Correction 6.26% 1%
With Correction (3 83% 4.92%
=16
Without Correction 4 48% 9 46%
With Correction 0.93%, 5.02%

Table 2 Sizes of the T-Test 71 B s

Significant Level 1% 3%
n= 4

Withowt Correction 1.99% 331%
With Correction 3.43% 6.39%
n= 9

Without Correction 0. 16% 1.98%
With Correction 1.03% S12%
n=16

Without Correction 0.12% 2.40%
With Correction (0.94%% 5.02%




Table 3 Sizes of the T-Test A, @ B 2¢1

Significant Level 1% 5%
n~= 4

Without Correction 9.24% 12.53%
With Correction 7.81% 2.90%%
n=9

Without Correction 3.29% 9.02%
With Correction .86% 49294
n= 16

Without Correction 3.46% 7.40%
With Correction [ 8R% 4.91%

When H,: B I < 1, the t-test rejects the correct
null hypothesis (oo frequently.  When the significance level i3
1%, the t-test rejects the null hypothesis 8.33%, 6.26%, and
4.48% of the tme for n =4, 9, 16; when the significance
level 1s 5%, the t-test rejects the null hypothesis 12.53%,
11.11%, and 9.46% ofthe time.  The correction of the eritical
value by (15} works well. The sizes with correction are 1.29%,
0.83%, and 0.93% for the 1% level, and 2.79%, 4.92%, and
5.02% for the 5% level.

On the other hand, the sizes of the t-test are too small
when H}: ﬁz > 1. The sizes are }.98%, 0.16%, and
0.12% for the 1% level, and 3.31%, 1.98%, 2.39% for the 5%
level, The sizes with correction are 3.43%, 1.03%, and 0.94%
for the 1% level, and 6.39%, 5.12%, and 5.02% for the 3%
level. Except for the »# = 4 and 1% case, the correction
significantly improves the sizes of the t-test.

When H,: B? = 1, the sizes of the t-tests are
9.24%, 5.28%, and 3.46% for the 1% level, and 12.53%,
Q.02%, and 7.39% for the 5% level. Although the t-test may
not require the 1/y/m comection under this allernative
hypothesis, it stili rejects the null hypothesis too often. The
sizes with correction are 7.81%, 0.86%, and 0.88% for the 1
% level, and 2.90%, 4.91%, and 4.92% for the 5% level. As
the previous cases show, the correction method works well and
improves the t-test.

3. Conclusion

This paper considers the performanee of the I-test for
the nontinear hypothesis and its correction.  The resulls are:

)Unitke  the Wald test, the it-fest requires the
O( L’\/ 7 correction.

2) The performance of the t-test is quite poor even it 7 is
relatively large.

3) The correction of the eritical value of the test works well
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and improves the t-test even for the two-tailed test, which may
not require the 83(1/y#) correction.
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